It is well known that combinatorial identities of Rogers-Ramanujan type arise naturally from certain specializations of characters of integrable highest weight modules for affine Lie algebras. It is also known that for any positive integer k, the integrable highest weight module L(kΛ 0 ) for an (untwisted) affine Lie algebraĝ has a natural structure of a vertex operator algebra. In this paper using certain results for vertex operator algebras we obtain certain recurrence relations for the characters of L(kΛ 0 ). In the case when k = 1 andĝ is of (ADE)-type, we solve these recurrence relations, obtaining the full characters of L(kΛ 0 ). Then taking the principal specialization we obtain new families of multisum identities of Rogers-Ramanujan type.
Introduction
The interactions between representations of affine Lie algebras (see [K1] ) and combinatorial identities have been well known for over two decades. In 1978, Lepowsky and Milne [LM] showed that the product side of the famous Rogers-Ramanujan identities appear in the principal specialization of the characters of certain irreducible representations of the simplest affine Lie algebra A 1 and gave the first Lie theoretic proof of the Rogers-Ramanujan identities [LW2] . Since then the affine Lie algebra representations and their connections to other areas of mathematics and physics attracted the attentions of numerous researchers ultimately leading to new combinatorial identities (see [C] , [FMO] ) and new algebraic structures such as vertex (operator) algebras (see [B] , [FLM] ).
In [FZ] (cf. [DL] ) it was shown that the affine Lie algebra module L(kΛ 0 ) naturally has the structure of a vertex operator algebra. Recently, Capparelli, Lepowsky Cook acknowledges partial support by NSA Grant MDA 904-02-1-0072 and NSF Grant CCR-0096842. Misra acknowledges the partial support by the NSA grant MDA904-02-1-0072. Li acknowledges partial support by the NSA grant and Milas [CLM1, 2] used the vertex operator algebra structure for A (1) 1 -modules L(kΛ 0 ) and the intertwining operators to obtain Rogers-Ramanujan recursions and Rogers-Selberg recursions. Motivated by this work we started our investigation to obtain recurrence relations for the characters of L(kΛ 0 ) for any untwisted affine Lie algebra. In this paper viewing L(kΛ 0 ) as a vertex operator algebra and using certain results in [Li3] we derive recurrence relations for the full character of L(kΛ 0 ). For affine Lie algebras of ADE-type when k = 1 we solve these recurrence relations and obtain the characters of these affine Lie algebra modules which were stated in [FS] and proved in [Ge1, 2] for the affine Lie algebra A
(1) n . Then taking the principal specializations of these characters and comparing them with the known principal characters (see [K1] ) for these modules we obtain seemingly new families of multisum identities of Rogers-Ramanujan type.
2 A recurrence relation for the character of L(k, 0)
In this section, after reviewing some basic notations and results about (affine) Lie algebras and vertex operator algebras, we present a recurrence relation for the character of L(k, 0), a highest weight integrable module for an (untwisted) affine Lie algebra.
First we review some basics about finite-dimensional simple Lie algebras and (untwisted) affine Lie algebras. Let g be a finite-dimensional simple Lie algebra of rank ℓ, let h be a fixed Cartan subalgebra and let ·, · be the normalized Killing form such that α, α = 2 for long roots α. Also, let ∆ denote the set of roots of g and fix a set of simple roots {α 1 , . . . , α ℓ }.
Let λ i for i = 1, . . . , ℓ be the fundamental weights of g. Denote by Q and P the root lattice and the weight lattice of g:
1)
is the Cartan matrix of g. Let H (i) for i = 1, . . . , ℓ be the fundamental co-weights, i.e., H (j) ∈ h such that α i (H (j) ) = δ i,j for i = 1, . . . , ℓ. The fundamental co-weights form another basis of h. For 1 ≤ i, j ≤ ℓ, we have
Denote by Q ∨ and P ∨ the co-root lattice and the co-weight lattice of g. That is,
5)
Recall the (untwisted) affine Lie algebrâ
where for a, b ∈ g, m, n ∈ Z,
For a ∈ g, n ∈ Z, denote by a(n) the corresponding operator of a ⊗ t n on anŷ g-module.
Let θ be the highest long root of g. Choose (non-zero) vectors E θ ∈ g θ and
Letg =ĝ ⊕ Cd be the extended affine Lie algebra (semi-direct product Lie algebra), where d is the derivation ofĝ acting on g ⊗ C[t, t −1 ] as 1 ⊗ t d dt and acting on Cc as 0. The subalgebra h + Cc + Cd is a Cartan subalgebra ofg.
Definition 2.1. Set d H = −d, an element ofg and a derivation ofĝ. We define a derivation d P ofĝ by
The homogeneous grading onĝ (and ong) is given by
for a ∈ g, n ∈ Z. Alternatively, the homogeneous grading is given by (the eigenvalues of) the derivation
for a ∈ g α , n ∈ Z with α ∈ ∆. Alternatively, the principal grading is given by the derivation d P . For any λ ∈ h * and any k ∈ C, we extend λ to a linear function (k, λ) on h + Cc + Cd by defining (k, λ)(c) = k, (k, λ)(d) = 0. For any λ ∈ h * and k ∈ C, we denote by L(k, λ) the irreducible highest weightg-module (of level k) with highest weight (k, λ). For 0 ≤ i ≤ ℓ, define Λ i = (1, λ i ) ∈ (h + Cc + Cd) * , where λ i for 1 ≤ i ≤ ℓ are the fundamental weights of g and λ 0 = 0. In terms of these notations we in particularly have L(k, 0) = L(kΛ 0 ).
On an irreducible highest weightg-module L(k, λ) for k ∈ C, λ ∈ h * we have the homogeneous grading and principal grading, where by convention the degree of the highest weight subspace of L(k, λ) is assigned to zero. The homogeneous character
Next we review the basic results about vertex operator algebras associated with the affine Lie algebraĝ. In this paper we use the standard notions of vertex operator algebra and module as defined in [FLM] and [FHL] (cf. [LL] ), so we shall not give the full definitions here. Instead, for our purposes we just mention some relevant ingredients. First, for any vector v of a vertex operator algebra V , we have the associated vertex operator
There are two distinguished vectors 1 (the vacuum vector) and ω (the conformal vector) such that Y (1, x) = id V and
such that V is a module for the Virasoro algebra with the Virasoro operators L(m) for m ∈ Z given by
It is assumed that 20) where
and V (n) = 0 for n sufficiently small. A weak V -module is a vector space W equipped with a linear map Y W from V to Hom (W, W ((x))) which satisfies all the axioms in the definition of a module except those involving grading.
A vertex operator algebra is regular if every weak V -module is isomorphic to a direct sum of irreducible ordinary modules.
The following results are now well known ( [FZ] , cf. [DL] , [LL] ):
Theorem 2.2. Let k be any complex number which is neither zero nor negative the dual Coxeter number of g. Let 1 be any fixed highest weight vector of L(k, 0) and identify g as a subspace L(k, 0) through the map a → a(−1)1. Then there exists a canonical vertex operator algebra structure on theĝ-module L(k, 0) such that
Furthermore, it is simple with g as the weight-1 subspace and as a vertex algebra it is generated by g.
Furthermore we have (see [FZ] , [DL] , [Li2] , [LL] Remark 2.4. It was proved in [DLM] that for any positive integer k, L(k, 0) is regular.
For the rest of this paper we assume that the level k is a positive integer. With
Now we recall a result from [Li3] . Let V be a general vertex operator algebra and let H ∈ V (1) be such that
where γ ∈ C. This condition amounts to the commutation relations
for m, n ∈ Z. Assume that the component operator H 0 acts on V semisimply with integral eigenvalues. Set 24) which naturally acts on V . Furthermore it acts on any V -module on which H 0 acts semisimply.
The following results were obtained in [Li3] :
Remark 2.7. It was proved in [Li3] that if V is simple and regular, (V (H) , Y V (H) ) is a simple current, which is defined in terms of fusion rules.
The following result is due to [Li4] (Proposition 2.25):
Now, we come back to the vertex operator algebra L(k, 0). Let H ∈ P ∨ . Then α(H) ∈ Z for α ∈ ∆. It follows that H 0 acts on L(k, 0) semisimply with integral eigenvalues. For any
For H, H ′ ∈ h and m ∈ Z, we have
Since H(m)1 = 0 for m ≥ 0 (from the vacuum axiom), we have
In view of this, we have
Writing this in terms of components we have
On the other hand, from [Li4] (Remark 2.23), we have 
for 1 ≤ i ≤ ℓ, where C = (a ij ) is the Cartan matrix of g.
Proof.
Notice that
Referring to [Li4] equations (2.70) and (2.51), we have that
Thus we have
proving the desired assertion.
For n = (n 1 , . . . , n ℓ ) ∈ Z ℓ , we set
(Note that A(n; q) has a dependence on k.) We have:
Proposition 2.11. For any positive integer k, the following recurrence relations hold:
Proof. The recurrence relations (2.32) give us:
Since the sum is over all integers and for 1 ≤ i ≤ ℓ,
Equating the coefficients of x n we get the recurrence relations (2.36).
If g is simply-laced, then 2 α i ,α i = 1 for i = 1, . . . , ℓ. As an immediate consequence of Proposition 2.11 we have: Corollary 2.12. Assume that g is of type A, D, or E. Then A(n 1 , . . . , n ℓ ; q) = A(n 1 , . . . , n i−1 , n i − k, n i+1 , . . . , n ℓ ; q)q −k+ ℓ j=1 a ji n j (2.37) for n 1 , . . . , n ℓ ∈ Z, i = 1, . . . , ℓ.
3 The character of the basic representation L(1, 0) for simply-laced affine Lie algebras
In this section we consider the special case when g is simply laced, that is g is of type A, D, or E with the level k = 1. By solving the recurrence relation obtained in the last section we get an explicit expression of the character of L(1, 0).
As g is of type A, D, or E and k = 1, the recurrence relations (2.37) simplify to the following relations A(n 1 , . . . , n ℓ ; q) = A(n 1 , . . . , n i−1 , n i − 1, n i+1 , . . . , n ℓ ; q)q −1+ ℓ m=1 a mi nm (3.1) for n 1 , . . . , n ℓ ∈ Z, i = 1, . . . , ℓ. Furthermore we have: Lemma 3.1. For 1 ≤ i ≤ ℓ and n 1 , . . . , n ℓ ∈ Z, A(n 1 , . . . , n ℓ ; q) = A(n 1 , . . . , n i−1 , 0, n i+1 , . . . , n ℓ ; q)q
Proof. The formula holds trivially for n i = 0. For n i ≥ 1, we have
From this we see that the formula holds for n i − 1 if and only if it holds for n i . Now it follows from induction that the formula holds for all n i ∈ Z.
Applying Lemma 3.1 repeatedly we get Next, we shall use the Frenkel-Kac's explicit construction of the basic representation L(1, 0) to find A(0, . . . , 0; q).
Recall that Q is the root lattice. Then from [FK] or [FLM] , we know that L(1, 0) ∼ = V Q where V Q is the lattice VOA,
Notice that A(0, . . . , 0; q) is the coefficient of
we have that W = S(ĥ − ). Therefore,
Combining this with (3.4) we immediately have:
Remark 3.3. The expression (3.6) can also be obtained directly by using the Frenkel-Kac realization of L(1, 0).
Principal characters and multi-sum identities
In this section we use two different expressions of the principal characters of the basic representations to obtain certain interesting multi-sum identities.
Recall that g is a finite-dimensional simple Lie algebra of rank ℓ, h is a fixed Cartan subalgebra and H (1) , . . . , H (ℓ) are the fundamental co-weights. Set
We have
for any root α of g. Recall thatg =ĝ ⊕ Cd is the (untwisted) extended affine Lie algebra.
Lemma 4.1. The following relation holds
as derivations ofg.
Proof. First, both sides act on the central element c as zero. For 1 ≤ i ≤ ℓ, we have
We also have
Similarly, we have that ((ht(θ) 
. Then the assertion follows.
Proof. By definition we have
Then (4.5) follows immediately.
Proof. Recall from Proposition 3.2 that
Note that the L(0)-weight of the highest weight subspace of L(1, 0) is 0. Now it follows from Proposition 4.2.
On the other hand, there is another expression of the principal character of L(1, 0) (see [K1] ). Next we consider each of the different types separately. First, if g is of type A ℓ , the principal character of L(1, 0) is given by
We have ht(θ) = ℓ. Combining this with Corollary 4.3 we get
where C is the Cartan matrix of type A ℓ . Multiplying both sides by j≥1 (1 − q (l+1)j ) ℓ we get
If g is of type D ℓ , we know that the principal character of L(1, 0) is given by
With ht(θ) = 2ℓ − 3 we get the following identity
Multiplying both sides by j≥1 (1 − q 2(l−1)j ) ℓ we get
If g is of type E 6 , then the principal character for type E
6 is given by
With ht(θ) = 11 we get the following identity (where C is the Cartan matrix of type E 6 ):
where ϕ(q) = j≥1 (1 − q j ) (the Euler product function). We multiply both sides by ϕ(q 12 ) 6 to get
If g is of type E 7 , the principal character of L(1, 0) is given by
With ht(θ) = 17 we get j≡±1,±5,±7,9 (mod18)
Multiplying both sides by ϕ(q 18 ) 7 we get
If g is of type E 8 , the principal character of L(1, 0) is given by
With ht(θ) = 29 we have (where C is the Cartan matrix of type E 8 ):
Multiplying both sides by ϕ(q 30 ) 8 we get
To summarize we have proved:
Theorem 4.4. We have the following family of identities
where C is the Cartan matrix of type A ℓ ;
j≥1
(1 − q 2(ℓ−1)j ) ℓ (1 − q 2j−1 )(1 − q (ℓ−1)(2j−1) ) = Then look at sl 3 , where
For n = (n 1 , n 2 ) ∈ Z 2 , we have (n 1 , n 2 ) 2 −1 −1 2 n 1 n 2 = 2n 2 1 − 2n 1 n 2 + 2n The identity (4.7) specializes to j≥1
(1 − q 3j ) 3 1 − q j = n 1 ,n 2 ∈Z q 3(n 2 1 −n 1 n 2 +n 2 2 )−(n 1 +n 2 ) . (4.13)
In general, for type A ℓ , we have that For n = (n 1 , n 2 .n 3 , n 4 ) ∈ Z 4 , we have nCn t = 2(n 2 1 + n 2 2 + n 2 3 + n 2 4 − n 1 n 2 − n 2 n 3 − n 2 n 4 ). Then the identity (4.8) specializes to j≥1 (1 − q 6j ) 4 (1 − q (2j−1) )(1 − q (6j−3) ) = n 1 ,n 2 ,n 3 ,n 4 ∈Z q 6(n 2 1 +n 2 2 +n 2 3 +n 2
